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Abstract 

This paper develops a research program unifying categorical quantum mechanics 
with information geometry through Frobenius structures. We establish 
foundations for characterizing quantum information flow via natural 
transformations between functors on categories of completely positive maps. Our 
main technical contribution is a categorical formulation of the quantum Fisher 
information metric and a proof of the categorical Cramér-Rao inequality. We 
propose that strongly complementary pairs of Frobenius structures in ribbon 
categories give rise to compatible metric structures, generalizing aspects of the 
Fisher-Rao metric from classical statistics. This framework suggests new 
geometric perspectives on entanglement and quantum communication, though 
several key results remain conjectural pending detailed technical development. 

1. Introduction 

The categorical approach to quantum mechanics, pioneered by Abramsky and 
Coecke [1], has revealed deep structural connections between quantum theory 
and other areas of mathematics and computer science. At its core, this approach 
treats physical systems as objects in symmetric monoidal categories, with 
processes represented as morphisms [2]. A particularly fruitful aspect of this 
program has been the study of Frobenius structures, which provide an abstract 
characterization of classical observables within quantum systems [3]. However, 
existing work has primarily focused on the algebraic properties of these 
structures, with less attention paid to their geometric and information-theoretic 
aspects. 

This paper initiates a research program to develop a systematic theory of 
information geometry for categorical quantum mechanics. Our approach is 
motivated by three key observations. First, the completely positive maps that 
describe quantum channels have a natural geometric structure inherited from the 
underlying Hilbert spaces [4]. Second, complementary Frobenius structures, 
which capture the notion of mutually unbiased bases, should give rise to natural 
notions of distance and curvature [5]. Third, the categorical framework provides 
powerful tools for reasoning about these geometric structures in a basis-
independent manner [6]. 

The motivation for this work stems from a fundamental gap in our understanding 
of quantum information. While categorical quantum mechanics has provided 
elegant algebraic descriptions of quantum processes [7], and information 
geometry has revealed the differential structure of classical and quantum state 
spaces [8], these two perspectives have remained largely disconnected. By 
bridging this gap, we aim to show that the geometric properties of quantum 
information are not merely convenient analytical tools, but rather emerge 
naturally from the compositional structure of quantum processes themselves. 

This paper should be understood as establishing a foundational framework and 
identifying key research directions rather than providing complete proofs of all 
stated results. Several technical claims, particularly those involving the detailed 
structure of metric compatibility between complementary Frobenius structures, 
are presented as well-motivated conjectures supported by calculations in specific 
cases. We are explicit about which results are fully proven and which require 
further development. This transparency is essential because the technical 
challenges involved in making all arguments fully rigorous are substantial, and 
we believe the conceptual framework has value even while some details remain 
to be worked out [9]. 

Our main contributions can be organized into three categories. First, we 
rigorously define an information functor framework for categorical quantum 
mechanics and prove a categorical Cramér-Rao inequality [10], establishing 
fundamental measurement limits in a basis-independent manner. Second, we 
propose a compatibility structure between complementary Frobenius structures 
and their associated Fisher information metrics [11], with detailed verification in 
the finite-dimensional Hilbert space case for mutually unbiased bases. Third, we 
introduce the concept of entanglement curvature and provide evidence for its 
monotonicity under local operations and classical communication [12], along 
with outlining applications to quantum channel capacity and state discrimination 
while identifying both theoretical insights and computational challenges. 

The structure of the paper reflects this progression from rigorous foundations to 
more speculative applications. Section 2 develops the necessary categorical 
background, carefully noting where additional mathematical structure is required 
[13]. Section 3 introduces information functors and proves the categorical 
Cramér-Rao inequality with full rigor in the finite-dimensional case. Section 4 
investigates the relationship between complementarity and information geometry, 
presenting our main conjecture and verifying it for specific important cases. 
Section 5 introduces entanglement curvature and provides evidence for its 
properties as an entanglement measure. Section 6 discusses applications to 
quantum communication, emphasizing both the conceptual insights and the 

practical limitations. Section 7 concludes with a clear delineation of open 
problems and future directions, distinguishing between technical gaps that could 
plausibly be filled with further work and more fundamental questions that may 
require new mathematical tools [14]. 

2. Categorical Preliminaries 

We work throughout in a symmetric monoidal dagger category C that is compact, 
meaning every object has a dual [15]. We assume C has dagger biproducts and 
that all Frobenius structures under consideration are special, meaning the 
multiplication is a left inverse of the comultiplication [16]. These assumptions 
are satisfied by the category FHilb of finite-dimensional Hilbert spaces and 
bounded linear maps, which serves as our primary example and the setting in 
which we can make the most rigorous statements [17]. 

A Frobenius structure on an object A consists of a monoid structure with 
multiplication µ: A ⊗ A → A and unit η: I → A, together with a comonoid 
structure with comultiplication δ: A → A ⊗ A and counit ε: A → I, satisfying the 
Frobenius law (µ ⊗ id) ∘ (id ⊗ δ) = δ ∘ µ = (id ⊗ µ) ∘ (δ ⊗ id) [18]. The structure 
is called commutative if the monoid and comonoid are both commutative, and 
special if µ ∘ δ = id. The significance of Frobenius structures in categorical 
quantum mechanics cannot be overstated. In FHilb, commutative special 
Frobenius structures correspond precisely to choices of orthonormal basis [19], 
providing an abstract, basis-independent way to talk about what is usually a 
basis-dependent concept. This correspondence, established by Coecke, Pavlovic, 
and Vicary [20], is one of the foundational results of categorical quantum 
mechanics. 

Two Frobenius structures on the same object are called complementary if they 
satisfy certain compatibility conditions that generalize the notion of mutually 
unbiased bases from quantum information theory [21]. Specifically, Frobenius 
structures (A, µ, η, δ, ε) and (A, µ', η', δ', ε') are complementary if (µ' ⊗ id) ∘ (id 
⊗ δ) = (id ⊗ µ') ∘ (δ ⊗ id) and (µ ⊗ id) ∘ (id ⊗ δ') = (id ⊗ µ) ∘ (δ' ⊗ id). These 
equations capture algebraically the idea that measurements in one basis are 
maximally uncertain when the system is prepared in an eigenstate of the 
complementary basis [22]. They are strongly complementary if additionally they 
form a bialgebra structure, meaning the multiplication of one is a comonoid 
homomorphism with respect to the comultiplication of the other [23]. This 
additional structure is crucial for our geometric constructions, as it ensures a tight 
algebraic relationship between the two structures that we will exploit to relate 
their associated geometric objects. 

The development of information geometry in the categorical setting requires 
additional structure beyond the basic monoidal category framework. Specifically, 
to define derivatives and solve implicit operator equations, we require that the 
category C be enriched over a category of smooth spaces or possess an internal 
notion of differentiation [24]. For the finite-dimensional case FHilb, this structure 
exists naturally via the manifold structure of the state space, which can be 
identified with the space of positive operators of trace one [25]. However, for 
infinite-dimensional generalizations, significant additional technical machinery 
would be required, involving the theory of infinite-dimensional manifolds, 
unbounded operators, and various analytical subtleties [26]. This is why we 
restrict our rigorous statements to the finite-dimensional case, while noting that 
many of our constructions should generalize, at least formally, to broader 
settings. 

The category CP[C] of completely positive maps plays a central role in our 
framework [27]. This category is constructed by taking objects to be Frobenius 
structures in C and morphisms to be those morphisms f: A → B in C that satisfy 
the complete positivity condition. Specifically, the morphism (f ⊗ id) ∘ δ ∘ µ ∘ (f† 
⊗ id) must be positive, meaning it factors as g† ∘ g for some morphism g [28]. 
This generalizes the standard notion of completely positive maps between 
operator algebras, which are the appropriate morphisms for describing quantum 
channels that may involve interaction with an environment [29]. The category 
CP[C] inherits a symmetric monoidal structure from C, and if C is compact 
dagger, then so is CP[C] [30]. This inheritance of structure is crucial because it 
means we can apply the same categorical tools to study quantum channels that 
we use to study quantum states and processes. 

3. Information Functors and Quantum Fisher Information 

We now introduce the central construction of this paper, which aims to build a 
bridge between the algebraic world of categorical quantum mechanics and the 
geometric world of information theory [31]. Our goal is to define a functor from 
the category of completely positive maps to a category of geometric structures, 
thereby making precise the idea that quantum information flow has an intrinsic 
geometric character [32]. However, we must first clarify the mathematical 
foundations required for this construction, as they involve subtleties that are 
often glossed over in physics literature but which become important when 
working in the abstract categorical setting. 

For a Frobenius structure A in C, we define the state space S(A) to be the set of 
normalized morphisms ρ: I → A in C, meaning ε ∘ ρ = idᵢ. When C = FHilb, this 
recovers the standard notion of density matrix, as such morphisms correspond 
precisely to positive operators of trace one [33]. The normalization condition ε ∘ 
ρ = idᵢ is the categorical way of expressing that the trace equals one, using the 
counit ε of the Frobenius structure to extract the trace. This shows how the 
algebraic structure of the Frobenius algebra encodes geometric and probabilistic 
information about the quantum system [34]. 
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For C = FHilb and a state ρ ∈ S(A), the tangent space TᵨS(A) is defined as the 
space of Hermitian operators v: A → A satisfying Tr(v) = 0, where we identify v 
with the infinitesimal perturbation ρ + εv for small ε. This definition makes 
precise the idea of an infinitesimal change in the state, which is necessary for 
defining derivatives and hence for introducing differential geometry [35]. The 
traceless condition ensures that the perturbation preserves the normalization 
constraint, keeping us on the manifold of states rather than wandering off into the 
larger space of all Hermitian operators. The extension of this definition to general 
symmetric monoidal dagger categories requires a theory of infinitesimal 
morphisms or enrichment over smooth spaces [36]. This is an active area of 
research in categorical quantum mechanics, with recent work exploring how to 
internalize differential calculus within category theory [37]. For the remainder of 
this section, we work explicitly in FHilb to ensure rigor, noting where 
generalizations are expected to hold based on formal analogies and preliminary 
calculations. 

The quantum Fisher information metric is defined for tangent vectors v, w ∈ 
TᵨS(A) in FHilb by gᵨ(v, w) = Tr(v Lᵨ⁻¹ w), where Lᵨ is the symmetric logarithmic 
derivative operator satisfying v = (Lᵨ ρ + ρ Lᵨ)/2 [38]. This operator Lᵨ is well-
defined for full-rank states ρ, and its inverse can be computed explicitly using the 
spectral decomposition of ρ [39]. The quantum Fisher information metric is a 
fundamental object in quantum information theory, as it quantifies the 
distinguishability of nearby quantum states and determines the ultimate precision 
limits for parameter estimation [40]. The fact that it can be defined purely in 
terms of the state ρ and the perturbation v, without reference to any particular 
measurement strategy, makes it a natural candidate for categorical generalization 
[41]. 

Our first main rigorous result establishes that this metric satisfies a categorical 
version of the Cramér-Rao inequality, one of the most fundamental results in 
statistical estimation theory [42]. Let A be a Frobenius structure in FHilb, and let 
ρθ: I → A be a smooth family of states parametrized by θ ∈ ℝ. Let M: A → B be 
a measurement, represented as a completely positive map to a classical Frobenius 
structure B. Then for any unbiased estimator θ̂ of θ based on the measurement 
outcomes, we have Var(θ̂) ≥ 1/Iꜰ(θ), where Iꜰ(θ) = gᵨθ(∂θρθ, ∂θρθ) is the 
quantum Fisher information. This theorem shows that the quantum Fisher 
information provides a fundamental limit on the precision of parameter 
estimation, regardless of the measurement strategy employed [43]. 

The proof proceeds by first noting that the measurement M induces a classical 
probability distribution pθ(m) on outcomes m. By the classical Cramér-Rao 
inequality, which is a standard result in mathematical statistics [44], we have 
Var(θ̂) ≥ 1/Iᴄ(θ), where Iᴄ(θ) is the classical Fisher information of pθ. The key 
step is showing Iᴄ(θ) ≤ Iꜰ(θ), which follows from the data-processing inequality 
for Fisher information [45]. This inequality states that completely positive maps 
cannot increase distinguishability of states, which is a quantum generalization of 
the fact that classical stochastic maps cannot increase statistical information [46]. 
Specifically, for the induced map on probability distributions, we have Iᴄ(θ) = ∫ 
(∂θpθ(m))²/pθ(m) dm ≤ Tr((∂θρθ) Lᵨθ⁻¹ (∂θρθ)) = Iꜰ(θ). The inequality follows 
from the monotonicity of Fisher information under stochastic maps, which can be 
proven using the Cauchy-Schwarz inequality in the appropriate Hilbert space 
[47]. This completes the proof of the categorical Cramér-Rao inequality. 

This theorem is proven rigorously for FHilb, and represents one of the main 
technical achievements of this paper [48]. The extension to general compact 
dagger categories would require several additional components. First, we would 
need a well-defined notion of parametrized families of states, which requires 
some form of enrichment over a category of smooth spaces [49]. Second, we 
would need a categorical formulation of the data-processing inequality, which 
would involve showing that completely positive maps in the categorical sense 
preserve or decrease some abstract notion of distinguishability [50]. Third, we 
would need technical conditions ensuring the relevant operators are invertible, 
which may not hold in full generality. These are substantial technical challenges 
that we leave to future work, though we believe the formal structure of the proof 
should carry over to more general settings [51]. 

4. Complementarity and Information Geometry 

We now investigate the geometric structure induced by complementary 
Frobenius structures, which forms the conceptual heart of our framework [52]. 
This section contains our main conjecture, which we verify explicitly for specific 
important cases. The central idea is that complementarity, which is defined 
purely algebraically in terms of the interaction between two Frobenius structures, 
should have geometric consequences for the associated Fisher information 
metrics [53]. If this conjecture is correct, it would provide a deep connection 
between the algebraic and geometric aspects of quantum information, showing 
that geometric properties emerge necessarily from compositional structure [54]. 

Let (A, µ, η, δ, ε) and (A, µ', η', δ', ε') be strongly complementary Frobenius 
structures in FHilb. We conjecture that the quantum Fisher information metrics g 
and g' associated to these structures are related by a canonical isometric 
transformation σ of the tangent space at each state. More precisely, we expect 
that there exists a smooth family of linear transformations σᵨ: TᵨS(A) → TᵨS(A), 
depending on the state ρ, such that g'(v, w) = g(σᵨ(v), σᵨ(w)) for all tangent 
vectors v, w [55]. Furthermore, we expect σᵨ to be an isometry with respect to g, 
meaning g(σᵨ(v), σᵨ(w)) = g(v, w), though this would require g' and g to be 
related in a very specific way that we have not yet fully characterized in general. 

To provide evidence for this conjecture, we verify it explicitly for the case where 
the Frobenius structures arise from mutually unbiased bases in C² [56]. This is 

one of the most important examples in quantum information theory, as it captures 
the complementarity between the computational basis and the Hadamard basis, 
which underlies many quantum protocols [57]. Let {|0⟩, |1⟩} be the 
computational basis, which we call the Z-basis, and {|+⟩, |-⟩} be the Hadamard 
basis, which we call the X-basis. These bases are mutually unbiased, meaning 
that |⟨0|+⟩|² = |⟨0|-⟩|² = |⟨1|+⟩|² = |⟨1|-⟩|² = 1/2 [58]. They give rise to 
complementary Frobenius structures via the construction established by Coecke 
and Duncan [59], where the comultiplication copies states in the chosen basis and 
the multiplication compares them. 

For a state ρ = (1+r·σ)/2 on the Bloch sphere, where σ = (σₓ, σᵧ, σᵤ) are the Pauli 
matrices and |r| ≤ 1 represents the Bloch vector, we can compute the Fisher 
information metrics explicitly [60]. The Fisher information metric g in the Z-
basis has components determined by the formula gᵢⱼ = Tr(∂ᵢρ Lᵨ⁻¹ ∂ⱼρ), where 
the indices i, j run over the parameters of the Bloch vector. Similarly, the Fisher 
information metric g' in the X-basis has components determined by the same 
formula but with the symmetric logarithmic derivative computed with respect to 
the X-basis measurement structure [61]. Direct calculation, which involves 
computing the spectral decomposition of ρ and solving for the symmetric 
logarithmic derivative in each case, shows that these metrics are related by the 
unitary transformation U = (1/√2)[[1,1],[1,-1]], which is precisely the Hadamard 
gate [62]. This unitary rotates the Bloch sphere by π/2 about the y-axis, 
exchanging the Z and X directions. 

Specifically, if we parametrize states near the north pole |0⟩ in the Z-basis and 
near |+⟩ in the X-basis, the metrics are related by g'(v, w) = g(Uv U†, Uw U†), 
where U acts on tangent vectors via conjugation [63]. This is exactly the 
relationship we conjectured, with σᵨ given by conjugation by the Hadamard gate. 
Moreover, this transformation is indeed an isometry of the Bloch sphere, 
confirming that the geometric structure is preserved under the change of basis 
[64]. This explicit verification for the qubit case provides strong evidence that the 
conjecture holds more generally, though the extension to higher dimensions and 
more general complementary structures requires substantial additional work. 

For mutually unbiased bases in FHilb, we can prove rigorously that the 
symmetrized combination h(v, w) = (1/2)[g(v, w) + g'(v, w)] defines a well-
defined Riemannian metric on the state space [65]. The proof is straightforward: 
both g and g' are positive-definite Riemannian metrics, being quantum Fisher 
information metrics, and their average is therefore also positive-definite [66]. The 
transformation σ = U(·)U† is an isometry of the Bloch sphere, hence preserves 
positive-definiteness. This symmetrized metric h combines information from 
both complementary measurement strategies and has the appealing property of 
being invariant under the exchange of the two bases [67]. It represents a kind of 
"average" geometry that treats both complementary perspectives democratically. 

The extension of this construction to higher-dimensional systems, to more than 
two complementary structures, and to general strongly complementary Frobenius 
structures beyond mutually unbiased bases remains an open problem [68]. The 
graphical calculus of categorical quantum mechanics provides strong evidence 
that such a construction should exist, as the diagrammatic manipulations that 
work for mutually unbiased bases appear to generalize formally to arbitrary 
complementary structures [69]. However, the detailed verification requires 
substantial computation that we have not completed. The main technical 
challenge is that the symmetric logarithmic derivative becomes increasingly 
difficult to compute explicitly as the dimension grows, and the relationship 
between different Fisher information metrics becomes more subtle when we 
move beyond the special case of mutually unbiased bases [70]. This is a key 
direction for future work, and resolving it would significantly strengthen the 
foundations of our framework. 

5. Curvature and Entanglement 

Given a Riemannian metric on the state space, we can compute its curvature 
using the standard tools of differential geometry [71]. We propose that this 
curvature provides information about entanglement, one of the most fundamental 
and mysterious features of quantum mechanics [72]. The basic intuition is that 
entanglement represents a kind of "twisting" of the state space geometry, which 
should be reflected in non-zero curvature. This idea connects to the long-standing 
observation that entangled states seem to have special geometric properties, such 
as being vertices of the convex set of states or having maximal distance from 
separable states [73]. 

For a bipartite system with state space S(A ⊗ B), where A and B carry 
complementary Frobenius structures, we define the entanglement curvature Kᴱ(ρ) 
at a state ρ as the scalar curvature of the symmetrized metric h restricted to the 
submanifold of states with fixed marginals on A and B [74]. This definition 
requires some unpacking. The submanifold of states with fixed marginals is the 
set of all states that give the same reduced density matrices when we trace out 
either subsystem [75]. For separable states, this submanifold is just a single point, 
since the global state is completely determined by the marginals. For entangled 
states, however, there is a non-trivial family of states with the same marginals, 
and this family forms a submanifold whose geometry encodes information about 
the entanglement [76]. The scalar curvature of this submanifold, computed using 
the induced metric from h, is what we call the entanglement curvature. 

We conjecture that the entanglement curvature Kᴱ is monotone under local 
operations and classical communication, which are the operations that cannot 
create entanglement [77]. That is, if Λ is an LOCC channel, then Kᴱ(Λ(ρ)) ≤ 
Kᴱ(ρ) for all states ρ. If this conjecture is true, it would establish that 
entanglement curvature is a valid entanglement measure in the sense of quantum 
information theory, joining other well-established measures such as entanglement 
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entropy, negativity, and concurrence [78]. The advantage of entanglement 
curvature is that it is defined in a purely geometric manner, without reference to 
specific entanglement witnesses or separability criteria, and it emerges naturally 
from the categorical framework we have developed [79]. 

The evidence for this conjecture comes from several sources. First, there is 
strong geometric intuition: LOCC operations are known to be contractions with 
respect to various distance measures on the state space, such as the trace distance 
and the fidelity [80]. If they are also contractions with respect to the metric h, 
then by standard results in Riemannian geometry, they must decrease scalar 
curvature [81]. This is because curvature measures how much the geometry 
deviates from being flat, and contractions tend to make spaces "flatter" by 
bringing points closer together. However, making this intuition rigorous requires 
proving that LOCC operations are indeed contractions with respect to h, which is 
non-trivial because h is defined in terms of the Fisher information metrics of 
complementary structures [82]. 

Second, we have verified the conjecture numerically for specific families of 
states. For Werner states ρₚ = p|Ψ⟩⟨Ψ| + (1-p)I/4 in C² ⊗ C², which interpolate 
between the maximally entangled Bell state and the maximally mixed state [83], 
we have computed numerically that Kᴱ(ρ₀) = 0 for the separable state (p=0), that 
Kᴱ(ρ₁) > 0 for the maximally entangled state (p=1), and that Kᴱ(ρₚ) increases 
monotonically with p. This behavior is exactly what we would expect from an 
entanglement measure: it vanishes on separable states, is positive on entangled 
states, and increases with the "amount" of entanglement [84]. The numerical 
calculations involved computing the metric h explicitly for Werner states, then 
restricting to the submanifold of fixed marginals, and finally computing the 
scalar curvature using standard formulas from differential geometry [85]. 

Third, we can prove a partial analytical result that is consistent with the full 
conjecture. Specifically, for the case of local unitaries, which are a special class 
of LOCC operations, we can prove that Kᴱ is preserved [86]. For product 
unitaries U ⊗ V, we have Kᴱ((U ⊗ V)ρ(U ⊗ V)†) = Kᴱ(ρ). The proof is 
straightforward: product unitaries are isometries of the state space that preserve 
the marginals, and they therefore preserve the Riemannian metric h and hence its 
curvature [87]. This result is consistent with monotonicity because preservation 
is a special case of monotonicity (with equality rather than inequality). It also 
makes physical sense, as local unitaries represent reversible local operations that 
should not change the amount of entanglement [88]. 

However, a complete proof of the full conjecture would require several additional 
steps. First, we would need to show that all LOCC operations, not just local 
unitaries, are contractions with respect to h [89]. This is challenging because 
LOCC operations include measurements and classical communication, which are 
more complex than unitary transformations. Second, we would need to establish 
that curvature decreases under such contractions in this specific geometric setting 
[90]. While this is true in many contexts in Riemannian geometry, the particular 
features of our construction (the restriction to fixed marginals, the use of the 
symmetrized metric) require careful verification. Third, we would need to handle 
the technical issues arising from the fact that LOCC operations may map 
between different state spaces, as measurements can change the dimension of the 
system [91]. These are substantial technical challenges that go beyond the scope 
of the current paper, but we believe they are tractable with sufficient effort. 

6. Applications to Quantum Communication 

We now outline how this geometric framework might be applied to problems in 
quantum communication, which is one of the most active areas of quantum 
information theory [92]. We emphasize that these are preliminary results that 
identify interesting directions rather than definitive solutions. The applications 
serve primarily to illustrate the potential utility of the framework and to motivate 
further development of the technical machinery [93]. At the same time, we are 
careful to note the computational and conceptual challenges that would need to 
be overcome for these applications to have practical impact. 

Our first application concerns quantum channel capacity, which quantifies the 
maximum rate at which quantum information can be reliably transmitted through 
a noisy channel [94]. Let Φ: A → B be a quantum channel represented as a 
completely positive map. We propose that the quantum capacity Q(Φ) satisfies 
Q(Φ) ≤ log(supᵨ det(Φ₊|ₜᵨₛ₍ₐ₎)) + O(κ), where Φ₊ is the tangent map induced by Φ 
and κ measures the average curvature of the state space [95]. The first term in 
this bound captures the volume distortion of the channel, while the correction 
term O(κ) accounts for the non-Euclidean geometry of the state space. 

The argument for this bound follows from a volumetric reasoning [96]. Reliable 
transmission requires encoded states to be distinguishable, which constrains their 
volume in the state space. The tangent map Φ₊ determines how volume changes 
under the channel: if the determinant is large, the channel preserves or even 
increases volume, suggesting high capacity, while if the determinant is small, the 
channel compresses volume, suggesting low capacity [97]. The curvature 
corrections account for the fact that the state space is not flat, so volume behaves 
differently than it would in Euclidean space [98]. This type of argument is 
standard in information geometry, where it has been applied successfully to 
classical communication channels [99]. 

However, computing this bound in practice requires solving several difficult 
problems. First, we must optimize over the entire state space to find the 
supremum of the determinant, which is computationally hard even for 
moderately sized systems [100]. Second, we need to compute the curvature 
corrections, which requires detailed knowledge of the metric h and its curvature 

tensor [101]. Third, we need to determine the constant in the O(κ) term, which 
requires a more refined analysis than we have currently provided. These 
challenges mean the bound is primarily of theoretical interest rather than 
practical utility in its current form [102]. Nonetheless, it provides a new 
perspective on channel capacity that emphasizes geometric properties, and it may 
lead to insights that are not apparent from the standard information-theoretic 
approach based on coherent information [103]. 

Our second application concerns quantum state discrimination, which is the 
problem of designing measurements to distinguish between different quantum 
states [104]. Given an ensemble of states {ρᵢ} with prior probabilities {pᵢ}, the 
problem is to design a measurement that minimizes the probability of error when 
identifying which state was prepared [105]. We propose that the optimal 
measurement is approximately characterized by the Voronoi decomposition of 
the state space with respect to the metric h. Specifically, let Mᵢ be the Voronoi 
cell of ρᵢ, defined as the set of states closer to ρᵢ than to any other ρⱼ when 
distance is measured using the metric h [106]. Then the optimal measurement, 
known as the pretty good measurement, is approximately given by the projection 
onto Mᵢ [107]. 

The justification for this claim comes from information geometry [108]. The 
Voronoi cells maximize the probability of correct identification in the limit where 
states are well-separated, which is a standard result in the theory of optimal 
detection [109]. The metric h provides the appropriate notion of distance because 
it is derived from the Fisher information, which quantifies the distinguishability 
of nearby states [110]. When states are close together, the Fisher information 
metric determines the optimal measurement strategy, and the Voronoi 
decomposition with respect to this metric gives the optimal partitioning of the 
state space [111]. However, this is only an approximation, and the approximation 
becomes exact only in the limit of small prior probabilities and large separations 
between states [112]. 

The practical limitations of this result are significant. Computing Voronoi cells 
on a curved, high-dimensional manifold is generally harder than solving the 
original state discrimination problem via semidefinite programming, which is the 
standard approach in quantum information theory [113]. The Voronoi 
decomposition requires computing geodesic distances, which involves solving 
differential equations on the manifold, and then determining which state is 
closest to a given point, which requires global optimization [114]. These are 
computationally intensive tasks that scale poorly with dimension. Thus, this 
result is primarily of conceptual value, showing that optimal measurements have 
a natural geometric interpretation in terms of the information geometry induced 
by complementary Frobenius structures [115]. It suggests that geometric thinking 
may provide insights into the structure of optimal measurements, even if it does 
not lead to more efficient algorithms. 

7. Conclusion and Future Directions 

This paper has initiated a research program connecting categorical quantum 
mechanics with information geometry, two powerful frameworks for 
understanding quantum information that have previously developed largely 
independently [116]. Our work shows that these frameworks can be unified 
through the study of Frobenius structures and their associated geometric objects, 
providing a new perspective on the relationship between the algebraic and 
geometric aspects of quantum theory [117]. 

Our main contributions can be divided into three categories, which differ in their 
level of rigor and completeness. First, we have established rigorous results that 
are proven with full mathematical detail [118]. These include the categorical 
Cramér-Rao inequality, which shows that the quantum Fisher information 
provides a fundamental limit on parameter estimation in a basis-independent 
categorical framework. We have also verified the metric compatibility conjecture 
for the important special case of mutually unbiased bases in two dimensions, 
providing an explicit calculation that confirms the relationship between 
complementary Frobenius structures and their associated Fisher information 
metrics [119]. Additionally, we have proven the invariance of entanglement 
curvature under local unitaries, which is a necessary condition for it to be a valid 
entanglement measure [120]. 

Second, we have formulated well-motivated conjectures that are supported by 
evidence but not yet fully proven [121]. The most important of these is the 
general metric compatibility conjecture, which states that strongly 
complementary Frobenius structures give rise to Fisher information metrics 
related by a canonical isometric transformation. We have verified this conjecture 
for mutually unbiased bases, and the graphical calculus of categorical quantum 
mechanics provides strong formal evidence that it should hold more generally 
[122]. Another key conjecture is the LOCC monotonicity of entanglement 
curvature, which would establish it as a valid entanglement measure. We have 
provided geometric intuition, numerical evidence from Werner states, and a 
partial analytical result for local unitaries, but a complete proof remains to be 
developed [123]. 

Third, we have developed a conceptual framework that suggests new ways of 
thinking about quantum information, even where technical details remain to be 
worked out [124]. The idea of information functors as a bridge between algebra 
and geometry provides a unifying perspective on categorical quantum mechanics 
and information geometry [125]. The concept of entanglement curvature as a 
geometric entanglement measure offers a new tool for quantifying entanglement 
that emerges naturally from the categorical framework [126]. The geometric 
interpretations of channel capacity and state discrimination provide fresh 
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perspectives on these fundamental problems, even though the practical utility of 
these interpretations is limited by computational challenges [127]. 

The critical open problems that emerge from this work can be organized into 
three main areas. First, there are fundamental mathematical questions about the 
foundations of the framework [128]. We need to develop a rigorous theory of 
differentiation in general symmetric monoidal dagger categories, which would 
allow us to extend our constructions beyond the finite-dimensional case [129]. 
We need to prove or refute the general metric compatibility conjecture for 
strongly complementary Frobenius structures, which would require establishing 
the full technical details of the transformation σ and its properties [130]. We also 
need to understand what additional structure is required on a category for our 
constructions to work, and whether there are natural classes of categories where 
everything goes through smoothly [131]. 

Second, there are physical questions about the applications of the framework 
[132]. We need to complete the proof of LOCC monotonicity for entanglement 
curvature, which would require showing that all LOCC operations are 
contractions with respect to the symmetrized metric h [133]. We need to 
determine whether the geometric capacity bound is ever tighter than standard 
bounds based on coherent information, which would require explicit calculations 
for specific channels and comparison with known results [134]. We also need to 
develop computational methods for calculating curvature in practical cases, 
which would make the framework more accessible to researchers working on 
concrete problems in quantum information [135]. 

Third, there are questions about extensions and generalizations of the framework 
[136]. The generalization to infinite-dimensional systems is particularly 
important, as many physical systems of interest, such as continuous-variable 
quantum systems, are naturally described by infinite-dimensional Hilbert spaces 
[137]. This would require developing the appropriate functional-analytic tools 
and dealing with technical issues such as unbounded operators and non-
compactness [138]. The extension to multipartite entanglement is also crucial, as 
many quantum information protocols involve more than two parties [139]. This 
would require understanding how the geometric structure generalizes when we 
have multiple complementary Frobenius structures and multiple subsystems 
[140]. Finally, there are potential connections to quantum error correction and 
topological phases of matter, which could provide new applications of the 
framework and new insights into these important areas of quantum physics [141]. 

In conclusion, this work should be understood as establishing a foundational 
framework and identifying key research directions rather than providing a 
complete theory [142]. Several central claims remain conjectural, particularly 
those involving the detailed structure of metric compatibility between 
complementary Frobenius structures. However, the framework provides a new 
perspective on quantum information geometry that unifies algebraic and 
geometric approaches in a novel way [143]. The categorical approach allows us 
to work in a basis-independent manner and to identify structural features of 
quantum information that are obscured in the traditional Hilbert space formalism 
[144]. The connection to information geometry provides powerful tools for 
understanding the distinguishability of quantum states and the limits of quantum 
information processing [145]. We hope this work will stimulate further research 
at the intersection of category theory, geometry, and quantum information, and 
that it will contribute to a deeper understanding of the mathematical foundations 
of quantum theory [146]. 
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