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Abstract

We introduce a finite-dimensional estimator for stochastic prediction under categorical coherence constraints. A task system is
modeled by a finite category C, together with functors X, Y : C' — FinSet assigning finite input and output spaces to each task.
A predictor is a family of stochastic kernels K. : X (c) ~» Y (c) and is coherent when Y (u). o K. = K40 X (u)« for every arrow
u : ¢ — d. The coherent predictors form the end fc co Stochsn (X (¢), Y (¢)), equivalently a compact convex polytope cut out by
linear equations inside a product of simplices. The contribution of the paper is a finite categorical projection estimator: empirical
conditional label distributions are projected onto this coherence polytope under a weighted Euclidean norm, equivalently minimiz-
ing empirical risk for the quadratic proper scoring rule. We prove existence, uniqueness, categorical coherence by construction,
deterministic nonexpansiveness in the weighted Euclidean norm, finite-sample concentration, corrected equivalence invariance
with normalized object-multiplicity weights, and a two-section certificate for non-singleton feasible sets. We also explain the
relationship with invariant estimation: for group actions the estimator reduces to Reynolds-style averaging, while for genuinely
noninvertible categories averaging is unavailable and projection is essential.

1 Introduction

Prediction systems often contain multiple related tasks. A
fine classifier may refine a coarse classifier. A prediction
made on one representation may be transported to another
representation. Some labels may be merged by an abstrac-
tion map, and some inputs may be coarsened by a feature
map. When these transformations are part of the problem
specification, it is natural to ask for predictors that respect
them.

We model such situations by a finite category C. Objects
are tasks or contexts, and arrows are structural transforma-
tions. Two functors X,Y : C' — FinSet assign finite input
and output spaces. A stochastic predictor is a family of ker-
nels K, : X(c¢) ~ Y(c). The coherence condition is

Y(u)eo K. = Kjo0X(u)s

for each arrow u : ¢ — d. It says that transporting an out-
put distribution after prediction agrees with predicting after
transporting the input.

This condition is strong. It is appropriate only when exact
commutation expresses a genuine modeling constraint. A co-
herent predictor can still be inaccurate, miscalibrated, unfair,
or unsafe. Coherence is one structural property, not a substi-
tute for external evaluation.

The mathematical observation that coherent families are
described by an end is standard category theory [1,2]. The
contribution here is the finite estimation theory built on this
observation. In particular, the paper proves that coherent
predictors form an explicitly auditable compact convex poly-
tope; projection onto this polytope is empirical risk minimiza-
tion for the quadratic, or Brier, scoring rule; the projection es-
timator exists uniquely under nonemptiness; the estimator is
coherent by construction; the projection map is 1-Lipschitz

in the chosen weighted Euclidean norm; empirical concen-
tration follows from standard multinomial concentration and
nonexpansiveness; equivalence of task categories preserves
the estimator only after explicit normalization of transported
weights; and for group actions, the construction reduces to
classical invariant averaging, while noninvertible categorical
arrows require genuine convex projection.

The word auditable is used in the concrete sense that the
feasible set is given by finitely many displayed linear equa-
tions and simplex inequalities; hence a proposed solution can
be checked by finite arithmetic.

2 Related Work and Positioning

The equalizer formula for ends is classical [1,2]. Categorical
probability and stochastic computation are treated abstractly
in the Kleisli and Markov-category traditions [7-10]. The
present work is not a replacement for Markov-category prob-
ability; it is orthogonal to it. Markov categories axiomatize
stochastic maps and conditional independence, whereas this
paper studies finite estimation under externally specified cat-
egorical coherence constraints.

Categorical approaches to learning include functorial back-
propagation [4], categorical foundations of gradient-based
learning [5], surveys of category theory in machine learning
[6], and categorical deep learning as an architecture-level the-
ory [18]. Recent work on categorical equivariant deep learn-
ing formulates equivariance as naturality and proves univer-
sal approximation results for category-equivariant neural net-
works [20]. That contribution is broader in approximation
theory and different in focus from the finite convex estima-
tor studied here.

The closest statistical neighbor is invariant estimation.
Classical group-invariant estimation studies estimators con-
strained by symmetry and often uses averaging or conditional



expectation [11,12]. In equivariant neural networks, group or
group-like symmetry constraints become linear constraints
on layers or maps [13-17]. In the special case where C' is
a group, viewed as a one-object category, the estimator be-
low reduces to orthogonal projection onto a fixed-point set.
For finite groups with uniform weighting, this projection is a
Reynolds average.

The genuinely categorical contribution occurs when C' is
not a groupoid. Then arrows need not be invertible, so coher-
ence is not simply equivariance under reversible symmetries.
It is a one-sided compatibility condition involving pushfor-
wards along noninvertible maps. In that setting, there is gen-
erally no averaging operator over arrows, and convex projec-
tion is the natural finite estimator.

3 Finite Stochastic Kernels

Let FinSet be the category of finite sets and functions. For a
finite set A, define

AA={p: A= [0,1]] > pla) =1}.

a€cA

A finite stochastic kernel K : A ~ B isa function K : A —
AB. We write K (b | a) for the probability of b € B given
a € A.

The category Stochy;, has finite sets as objects and stochas-
tic kernels as morphisms. Composition is matrix multiplica-

tion:
ZLc\b (b a).

beB

(LoK)(c|a)=

The identity on A is the deterministic kernel d 4 (a’ | a) = 1if

a’ = a and 0 otherwise. Equivalently, Stochg;, is the Kleisli

category of the finite-distribution monad on FinSet [7,8].
Every function f : A — B induces a deterministic kernel

f*(bla):{]-v b:f((l),

1 A~ B,
/ 0, b+ f(a).

Proposition 1. The assignment A — A, f +— f, defines a
faithful functor (—), : FinSet — Stochy,.

Proof. Let f : A — Bandg : B — C. Fora € A and
ceC,

> _g:(c|D)f.(b]a).

beB

(gx 0 fi)(c|a)=

Only b = f(a) contributes, so this equals g.(c | f(a)), which
is 1 exactly when ¢ = g(f(a)). Hence g.o f. = (go f)«, and
identities are preserved. If f, = g, then the Dirac measures
at f(a) and g(a) are equal for every a, so f = g. Thus the
functor is faithful. O

4 Task Categories and Coherent Predictors

Let C be a finite category and let X,Y : C' — FinSet be
functors. For each object ¢, X(c) is a finite input set and

Y (c) is a finite output set. For each arrow u : ¢ — d, the
maps X(u) : X(¢) - X(d)and Y(u) : Y(c) = Y(d)
transport inputs and outputs.

Definition 1. A local stochastic predictor from X to Y is

a family K = (K.)cec where K, : X(c) ~ Y(c) is a
stochastic kernel.

Definition 2. A local predictor K is categorically coherent
if, for every arrow u : ¢ — d,

Y(U)* oK. =Ky OX(U)*

Equivalently, for every x € X (c) and y’ € Y (d),

Y Kelylw) = Ka(y' | X(u)()).
Yglue)z;()cz)y’

We write Coh (X, Y) for the set of coherent predictors.

5 The End and the Coherence Polytope

For objects «¢,d € C, define H(c,d) =
Stochg, (X (¢), Y (d)).  Precomposition by X(u). and
postcomposition by Y (u), make H : C® x C — Set a

bifunctor.
The end

ceC

Hic,e) = / __ Stodhy (X(0), Y(0)

is the set of wedges satisfying the standard dinaturality equa-
tions. In this diagonal case, those equations are exactly the
coherence equations above.

Theorem 1 (End description). There is a canonical equality
Coh¢(X,Y) = / Stochg, (X (c), Y (c)).
ec
Equivalently,

Coho (X, Y) = Eq( J] Stochs(X(c), Y (c))
ceC
= I Stochq(X(c).Y(d))),
u:c—d

where the two maps send K to (Y (u). o K.), and (K4 o
X (u)s)u-

Proof. The equalizer formula for ends gives

For H(c,d) = Stochg,(X(c),Y (d)), the two maps asso-
ciated to v : ¢ — d are postcomposition by Y (u). and
precomposition by X (u).. Hence an element of the equal-
izer is exactly a family K. : X(c) ~ Y(c) satisfying
Y (u)s 0o K. = K40 X(u), for every arrow w. This is pre-
cisely Coh¢(X,Y). O



Theorem 2 (Coherence polytope). The set Cohc(X,Y) isa
compact convex polytope.

Proof. For each c,

Stochg;, (X

= [] av(o.

z€X(c)

Each simplex is a compact convex polytope, and a finite prod-
uct of compact convex polytopes is a compact convex poly-
tope. Hence P = [] .. Stochg,(X(c),Y (c)) is a compact
convex polytope. For every arrow u : ¢ — d, the equation
Y(u)x o K. = K40 X (u), is a finite system of linear equa-
tions in the coordinates K.(y | x). Therefore Coho(X,Y)
is the intersection of P with finitely many affine linear sub-
spaces, hence is a compact convex polytope. O

6 Checking Coherence on Generators

Suppose C'is presented by a finite graph G and relations. The
relations are already imposed in C, so functors out of C' au-
tomatically respect them.

Proposition 2. A local predictor K is coherent if and only
ifY(g)s o K. = Kq 0 X(g)« for every generating arrow
g:c—dofG.

Proof. One direction is immediate. Conversely, assume the
equation holds for all generating arrows. For a composite
u=gyo---0gp:c— d,successive substitution gives

Y(U)* oK.=Kjo X(gn)* ©:+-0 X(gl)* =Kgo X(u)*
If two paths represent the same arrow of C, the defining re-
lations of C' and functoriality of X,Y imply that the trans-
ported maps are equal. Thus coherence holds for every ar-
Tow. U

7 Nonemptiness and a Two-Point Certificate

Assume henceforth that Y'(¢) # & for every ¢. Otherwise no
stochastic kernel into Y'(¢) exists for nonempty X (c).

Proposition 3 (Nonemptiness from a global output section).
Suppose there exists a natural transformation s : 1 = Y,
where 1 : C' — FinSet is the constant singleton functor.
Then Coh¢(X,Y) # @.

Proof. For each object ¢, let s.(x) € Y(c) be the selected
output. Define K.(y | ) = 1 if y = s.(*) and 0 otherwise.
Naturality of s gives Y (u)(s.(x)) = sq(x) for every arrow
u : ¢ — d. Hence both Y (u), o K. and K4 o X (u), are the
constant Dirac kernel at sy (). Thus K is coherent. O

Proposition 4 (Two-point certificate). Suppose there exist
two natural transformations s,t : 1 = Y such that s.(x) #
t.(x) for at least one object c. Then Coh¢ (X, Y) contains at
least two distinct extreme points.

Proof. By the previous proposition, s and ¢ define coherent
deterministic predictors K* and K. If s.(x) # t.(x) for
some ¢, then for any € X (c), the corresponding rows of
K? and K! are different Dirac distributions. Thus K% # K*.

Each row of K® is a vertex of a simplex, so K* is an ex-
treme point of the ambient product polytope. If K° = A\A +
(1-X)Bwith0 < A < 1land A, B € Cohc(X,Y), then the
same convex decomposition occurs in the ambient product
polytope. Extremality there forces A = B = K*. Thus K*
is extreme in Coh¢ (X, Y'), and similarly for K. O

This is deliberately a two-point certificate, not a dimension
theorem. It proves that the feasible set is not a singleton, but
it does not give an identifiability result or a lower bound on
dimension.

8 Quadratic Loss and the Projection Estimator

Let empirical conditional label distributions be given by
ge(- | ) € AY(c) for every ¢ € C and z € X(c). Let
positive weights u.(x) > 0 be given. They may represent
sample frequencies, design weights, or task priorities.

Define
we=T1 T1 »°

ceCzeX(c)
For A, B € H¢, define

=D > () Y Acy|z)Bely | 2),
ceCzeX(c) yeY(c)
with norm [|Af|, = |/(A, 4) ..

Definition 3 (Categorical projection estimator). The categor-
ical projection estimator is

K= argmin = ||K—q||
KeCohe (X,Y) 2

Proposition 5 (Quadratic proper-scoring interpretation). For
a predicted distribution p € AA and realized label a € A,
define the quadratic score loss
1 2
Up,a) =5 D (p(b) = 1p=a)*.

beA

Then minimizing
Z fre(2)

over coherent K is equivalent to the projection estimator.

Proof. Fixp,q € AA. Then

S a@)p.a) = 5 3o ~ 3 ab)p(e) + 5.

a€A b b

Also,

1 , 1
Sl —aly =35> p®)?*-
b

Z QC(y ‘ ‘E)g(Kc( | m)vy)

YEY (c)



The two expressions differby 2 —1 3, ¢(b)?, which depends
only on ¢, not on p. After summing over ¢,z with weights
e(x), the total difference remains independent of . Hence

the minimizers are identical. O

9 Existence, Uniqueness, and Coherence

Theorem 3 (Existence and uniqueness). Assume
Coh¢(X,Y) # . Then the categorical projection
estimator exists and is unique.

Proof. By Theorem 5.2, Coh(X,Y) is compact and con-
vex. The objective K — 1[|K —¢ ||i is continuous, so a
minimizer exists. Because all weights are positive, (—, —) u

is an inner product. Hence the squared norm is strictly con-
vex. If K # Land 0 < t < 1, then

2 2 2
[tK + (1 =)L —ql, =t —qll, + 1 =) [ L —qll,
—t(1—t)||K — L],

I

which is strictly less than the corresponding convex combi-
nation. Thus the objective has at most one minimizer on a
convex set. Since a minimizer exists, it is unique. O

Corollary 1 (Coherence by construction). The estimator K
is coherent.

Proof. Tt is minimized over Coh¢s(X,Y), so it belongs to
Coh¢o(X,Y). O

Corollary 2 (Exact recovery). If ¢ € Cohc(X,Y), then
K =q.

Proof. 1f q is coherent, it is feasible. The objective at ¢ is 0,
the smallest possible squared distance. By uniqueness, K =
q. ]

10 Stability

The stability result below is deterministic and metric-specific.
It is not a calibration guarantee or a generalization theorem.

Lemma 1 (Projection variational inequality). Let P be
a nonempty closed convex subset of a finite-dimensional
Hilbert space H. Let p = Ilp(q) be the metric projection
of q onto P. Then {(q — p,r — p) < 0O for every r € P. Con-
versely, if p € P satisfies this inequality for every r € P,
then p = Ilp(q).

Proof. Assume p = IIp(q). Forr € Pandt € [0,1], p, =
p+t(r —p) € P. The function ¢(t) = % [lp; — ¢|* has a
minimum at ¢ = 0. Hence 0 < ¢/(0) = (p — ¢,7 — p), SO
(q—p,7‘—p> <0

Conversely, suppose the displayed inequality holds for all
r € P. Then

2 2 2
lr—qll=lr—pll" +2(r—pp—q¢ +llp—ql”-

Since (r —p,p—q) = —(¢—p,r—p) > 0, we obtain
[lr — Q||2 > |p— q||2. Thus p minimizes distance from ¢
over P. O

Theorem 4 (Nonexpansiveness). Let P = Cohg(X,Y).
For all empirical targets q,q' € Hc,

/ A
Ip(q) —p(d), < lla—dl,-

Proof. Let p =1Ip(q) and p’ = I1p(q’). By the variational
inequality,

(g=pp—9),20, (d-p,p—p), <0
Combining gives
(g—d—-w®-p)p-p),>0.

Therefore

A

2
lp =2, <la—d'p=0), <lla—=dl,lp—21,-

If [p — p[|,, = 0, the result is immediate; otherwise divide
by it. O

Remark 1 (Dependence on Euclidean geometry). Theorem
10.2 is a Hilbert-space projection result. For total variation,
KL, Hellinger, or other geometries, the same statement re-
quires different arguments and may have a different Lipschitz
constant or fail altogether.

11 Statistical Concentration

Assume there is an unknown conditional distribution p}(- |
x) € AY (c) for each ¢, . For each pair (c, z), observe n
independent labels sampled from p}(- | «), producing an em-
pirical distribution g..(- | x).

Let K = IIp(¢) and K* = IIp(p*), where P =
Coh¢ (X, Y).

Theorem 5 (Coordinate Hoeffding bound). Let m =
> e Y (c)|. Then for every 6 € (0,1), with probability at
least 1 — 9,

HI?—K*

1/2
2m Y (¢)]
< —_ —_—
= <log 5 CEI te(x) e

If nmin = ming 4z nc 4, then

1/2
< (qucmlw) .

2nmin

HI?—K*

Proof. For fixed ¢, z,y, ¢.(y | =) is an average of n.
Bernoulli variables with mean p’(y | z). Hoeffding’s in-
equality gives

~ _ 2
Pr(|q.(y | @) — pi(y | 2)| > £ca) < 207 2ew e,

Choose ., = \/(2nc,,) ' log(2m/5). A union bound over
all m coordinates gives, with probability at least 1 — 4,

1gc(y | 2) = pi(y | 2)| < e



for all ¢, z,y. Hence

17— p*|

<10g72/‘c

. The sec-

By nonexpansiveness, <lg-»l,
o

ond bound follows from n¢ 5 > Mmin. O

Remark 2 (Sharper multinomial bounds). The coordinate-
union proof is simple and auditable but loose. =~ One
can replace it by sharper simplex concentration inequal-
ities, such as the Weissman—Ordentlich—Seroussi—Verdu—
Weinberger bound for L, deviation of empirical distributions

[21].

Corollary 3 (Consistency for the projected target). If i —
00, then H[A( - K*

— 0 in probability.
n

Proof. For any ¢ > 0, Theorem 11.1 makes

Pr(HIA( - K~

> ¢) arbitrarily small as nmyi, — co. O
m

If p* ¢ P, the limit K* = IIp(p*) is the best coher-
ent approximation in the quadratic geometry. The difference

— IIp(p*) is the structural bias introduced by imposing
exact coherence.

12 Quadratic Program and KKT Conditions

Let zopy = Kc(y | ). The estimator solves the convex
quadratic program

!
min = 3 p1e(2) ey —

T,y

¢e(y | ))?

subject to z¢qy > 0,

Z Zeay = 1,

yeY(c)

and, for every arrow u : ¢ — d, every x € X (c¢), and every
y €Y (d),

Z Zexy = Zd, X (u)(x),y’
YyEY (c)
Y (w)(y)=y’

If C'is given by generators and relations, it suffices by Propo-
sition 6.1 to impose the coherence equations for generating
arrows.

Introduce Lagrange multipliers o , € R for row-sum con-
straints, A, » ,+ € R for coherence constraints, and p. 4, >
0 for nonnegativity. At the optimum, the KKT conditions are:
primal feasibility; dual feasibility p.. .., > 0; complementary
slackness p .y %cey = 0; and stationarity of the Lagrangian
obtained by adding the row-sum and coherence equalities
and subtracting >, . Pe,z,yZczy from the quadratic objec-
tive. Since the objective is strictly convex and the feasible

set is convex, these KKT conditions are necessary and suffi-
cient.

The number of variables is N = > __ [X(c)[|Y(c)|. If
G is a generating graph for C, the number of coherence equal-
ities imposed from generators is

Meon = Z |X(C)‘ |Y(d)‘

g:c—deG

There are additionally > | X (c)| row-sum equalities and /N
nonnegativity inequalities. Thus the problem scales linearly
in the number of generating arrows and finite fiber sizes, al-
though generic QP solvers may have superlinear runtime in
N.

13 Equivalence Invariance with Normalized
Transported Weights

Let ¥ : C — D be an equivalence of finite categories.
Choose an adjoint equivalence F' : C = D : G with
unit and counit natural isomorphisms 7 : idc = GF and
e : FG = idp satisfying the triangle identities
G(ea) © na(ay = idg(a)-

er(e) © F'(ne) = idp(),

Every equivalence can be promoted to an adjoint equivalence
[1,2]. Let Xp,Yp : D — FinSet, and define X = XpoF
and Yo =YpoF.

Definition 4 (Normalized transport of data). Let ¢©, u© be
C-side empirical data. For d € D, define

mgq = |{e € Ob(D) : G(e) = G(d)}|.
Define D-side weights by

1

va(r) = Eﬂg(d) (XD(Sd)_l@C))’

and define D-side targets by

a7 (- | ) ) (- | Xp(ea) ™ (2)).

The factor 1/my is essential: without it, the D-side objective
may count equivalent copies of the same C-object multiple
times.

= Yp(€a)«qGa

Theorem 6 (Equivalence invariance of coherent predictors).
Restriction along F induces a bijection

F*: COhD(XD, YD) — COhc(Xc, Yc)
Proof. For K € Cohp(Xp,Yp), define (F*K). = Kp(c).
This is coherent because F' preserves arrows.
For the inverse, let M € Coh¢ (X, Ye) and define
Ka=Yp(ea)s o Mgy o Xp(ea);"

This is well typed because Xc(Gd) = Xp
Yo(Gd) = Yp(FGd).

(FGd) and



For v : d — e, naturality of ¢ gives v o g4 = . 0 F'G(v).
Using coherence of M for G(v),

YD(U)* o Kd = YD(€e)* o YD(FG(U))* © MGd o XD(ed);l

= Yp(ce)s © Mae © Xp(FG(v))s 0 Xp(ea); "

Naturality of ¢ also implies FG(v) o e;' = e, ! o v, so the
last line is K, o Xp(v).. Thus K is coherent.

The triangle identity p() o F(1.) = idp( implies
F(n.) = 5;(10). Using coherence of M for 7., one ob-
tains Ky = M.. Conversely, starting with coherent K
on D, coherence with respect to ¢4 : FGd — d gives
Yp(ea)x o Kpga = Kq 0 Xp(e4)«, so the inverse construc-
tion returns K 4. Therefore F'* is a bijection. U

Theorem 7 (Equivalence invariance of the normalized pro-
jection estimator). Let ¢, v be obtained from ¢, i€ by nor-
malized transport. Let

Kc = HCohc(Xc,Yc)(qC)a Kp = HCohD(XD,YD)(qD)7

where the C-side norm is defined by 1€ and the D-side norm
by v. Then F*Kp = K¢.
Proof. Let K € Cohp(Xp,Yp)andset M = F*K. By the
previous theorem, every coherent K on D is determined by
M via

Ky = YD(é"d)* o MG(d) o XD(EId):l.

By normalized transport, ¢ is transported from qg( 2 by
the same bijections. Deterministic pushforward along a bi-
jection only permutes coordinates of probability vectors, so
squared Euclidean distances are preserved after identifying
' = Xp(eq) ().

Using the normalized weight v4(z) = m* ,ug( (@), we
can write

1
6= = 3 2o Doalarsg),
deD

where

De(M,q%) = > ul(z) > (M(y|z)—qS(y|x))

z€Xc(c) yEYc(c)

Group the sum by ¢ = Gd. For each fixed ¢, exactly mq
objects d have Gd = c, and each contributes the same term
with factor 1/mg . Therefore the total contribution is exactly
one copy of the c-term. Hence

2 N 2
1K =", p = 17K =%, .-

Thus restriction along F' identifies the D-side objective on
coherent predictors with the C'-side objective. Since F'* is a
bijection of feasible sets, minimizers correspond. O

Without normalization, if D contains two equivalent
copies of a C-object and both are given the full C'-side weight,
the D-side objective counts that object twice. If different
C-objects are duplicated with different multiplicities, the re-
stricted minimizer can be a different weighted projection.
Normalization prevents this object-copy bias.

14 The Group Case and Reynolds Averaging

Let G be a finite group viewed as a one-object category. Let
X, Y be finite G-sets. A kernel K : X ~» Y is coherent
exactly when

Y(g)io K =Ko X(g).

for all g € G. This is ordinary equivariance.
The group acts linearly on the ambient vector space of ma-
trices by

(9-K)=Y(g)soKoX(g7 ).

The coherent predictors are exactly the fixed points of this
action, intersected with the stochastic-row constraints. If the
weighted Euclidean norm is G-invariant, the orthogonal pro-
jection onto the fixed-point subspace is the Reynolds opera-
tor 1
R(K) = @l > g-K.
geG

Because the action permutes rows and columns, R preserves
row-stochasticity. Hence in the group case the categorical
projection estimator reduces to classical invariant averaging.

For a non-groupoid category, arrows need not have in-
verses. Then X (u~1) is meaningless, and the Reynolds aver-
age has no analogue. The coherence equations remain linear,
but projection onto their intersection with the product of sim-
plices is the relevant replacement.

15 Worked Numerical Example

Let C' have two objects f, ¢ and one nonidentity arrow a :
f — c. Let

X(f):{17273}7 X(C):{AvB}v
with X (a)(1) = A, X(a)(2) = 4, and X(a)(3) = B. Let
Y(.f) = {T,S,t}, Y(C) = {U,V},

with Y (a)(r) = U, Y (a)(s) =U,and Y (a)(t) = V.
Use unit weights. Suppose
gr(-11)=(0.6,0.3,0.1), gs(-|2) = (0.2,0.1,0.7),
ar(-13) = (0.1,0.2,0.7),
Coherence requires
K (U | A) = Ks(r[1) + Ky(s[1)
=Ks(r|2)+Ky(s|2).
The empirical data violate this because 0.6 +0.3 = 0.9, 0.2+
0.1=0.3,and ¢.(U | A) = 0.4.

Let 04 = K.(U | A). For fixed 0 4, the closest fine distri-
bution to (0.6,0.3,0.1) subjecttor + s = 64 is

fa — 0.9 04 — 0.9
(0.6—1— AT 0.3+ AT 1—9,4),



provided the entries are nonnegative. The closest fine distri-
bution to (0.2,0.1,0.7) subjectto r + s = 04 is

<0.2+ 79"‘;0'3, 0.1+ 79"‘;0'3, 1 —9A> .

The resulting objective is
3 2, 3 2 2
5(0,4 —0.9)° + 5(0/; —0.3)+2(64 — 0.4)°.

Differentiating gives 3(64 — 0.9) + 3(64 — 0.3) + 4(64 —
0.4) = 0,s0 04 = 0.52. Thus

K.(-| A) = (0.52,0.48),

Kf(-]1) = (0.41,0.11,0.48),
Kf(-]2) = (0.31,0.21,0.48).

The nonnegativity caveat is satisfied here. In examples where
the displayed affine formulas leave the simplex, the con-
strained projection lands on the boundary and the simple
closed form must be replaced by the full quadratic program.

For B, let 0 = K.(U | B). The fine empirical U-mass
is 0.1 + 0.2 = 0.3, while the coarse empirical U-mass is 0.8.
The objective is 3 (5 —0.3)2+2(6 5 —0.8)?. Differentiating
gives 3(fp — 0.3) + 4(6p — 0.8) =0, so

4.1
O0p = - ~ (0.585714.

Therefore
IA{C(~ | B) ~ (0.585714,0.414286),
and
IA(f(~ | 3) =~ (0.242857,0.342857,0.414286).

The example shows the estimator performing a nontrivial
compromise among incompatible fine and coarse empirical
predictors.

16 Soft Coherence

Hard coherence may be too restrictive. A soft version mini-
mizes

1 2 A 2
LK a2 42 Y V(). o Ko~ Kuo X(w.|

u:c—d

over all local stochastic predictors K, where A > 0. As
A — oo, minimizers converge, under standard compactness
arguments, to minimizers of the hard constrained problem
whenever the hard feasible set is nonempty. Thus hard cat-
egorical projection can be understood as the infinite-penalty
limit of soft coherence regularization.

17 Modeling Scope

Categorical coherence is a structural prior. It is most appro-
priate when the transformations in C' are part of the semantic
specification of the prediction task. For example, if a coarse
label is definitionally the image of a fine label, then a coher-
ent predictor ensures that fine and coarse predictions cannot
contradict each other under that definition.

Exact coherence can be inappropriate when different res-
olutions are generated by different mechanisms, when mea-
surement noise is transformation-dependent, or when coarse
labels have information not recoverable by aggregating fine
labels. In such cases, the soft estimator of the previous sec-
tion or a different probabilistic model may be preferable.

18 Conclusion

This paper defined and analyzed a finite categorical projec-
tion estimator for stochastic prediction under noninvertible
coherence constraints. Its novelty lies not in the end formula
itself, but in combining finite categorical coherence with con-
vex projection, quadratic proper scoring, stability, concentra-
tion, normalized equivalence invariance, and explicit compu-
tation.

For group actions, the estimator specializes to invariant av-
eraging. For noninvertible finite categories, it yields a pro-
jection method where averaging is unavailable. This is the
central distinction: categorical coherence includes equivari-
ance as a special case but also covers one-sided abstraction
and refinement constraints.
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