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We formulate and prove a sectorwise strictification criterion for anomalous finite symmetry actions on particle-
sector categories. Let G be a finite group and let P be a finite semisimple C-linear category of superselection
sectors. A projective categorical G-action on P consists of autoequivalences 7, coherence isomorphisms yig, 5 :
T,Ty = Tyn, and a normalized scalar associator anomaly 3 € Z3(G; U(1)). We prove that [3] € H*(G;U(1))
is invariant under changes of coherence data and that the action strictifies precisely when [3] = 0. For a simple
sector p € P, let G, C G be the stabilizer of its isomorphism class. Then the symmetry transport of p admits
an honest associative categorical action on its stabilizer if and only if [8|¢,] = 0 € H?(Gp; U(1)). When the
obstruction vanishes, the remaining choices of equivariant structure form a torsor controlled by H?(G); U(1)).
This isolates, in a purely categorical form, the sectorwise obstruction familiar from anomalous symmetry action,
symmetry fractionalization, and symmetry-enriched topological phases.

INTRODUCTION

The categorical language of modern quantum field theory
treats symmetries not merely as groups of transformations of
fields, but as topological defects and their composition laws.
In this viewpoint, an ordinary finite symmetry G is represented
by codimension-one topological defects labeled by ¢ € G,
and the multiplication law of G is implemented by fusion of
defects. When the symmetry is anomalous, the fusion is not
strictly associative at the boundary theory: associativity is re-
stored only after accounting for an invertible bulk theory.

This perspective is standard in several related frame-
works. Dijkgraaf—-Witten theory relates finite-group topo-
logical gauge theory to group cohomology [1]. The func-
torial approach to topological field theory originates with
Atiyah [2] and was developed in higher-categorical form by
Baez-Dolan and Lurie [3, 4]. Generalized global symme-
tries were introduced by Gaiotto, Kapustin, Seiberg, and Wil-
lett [5]. Relative quantum field theory identifies anomalous
theories as boundary theories of invertible bulk theories [6].
Kapustin—Seiberg studied coupling QFTs to topological field
theories and the resulting changes in line and surface opera-
tors [7]. Freed—Moore—Teleman formulate topological sym-
metry in QFT as a calculus of topological defects, including
categorical and noninvertible symmetries [8]. Gaiotto—Kulp’s
orbifold-groupoid framework and the SymTFT program make
the bulk/boundary organization of anomalous symmetries ex-
plicit [9]. In condensed-matter language, related obstructions
appear in the theory of symmetry fractionalization and G-
crossed braided tensor categories [10, 11].

The purpose of this paper is therefore not to claim that
anomalies acting projectively on sector categories are new.
Rather, the contribution is a focused and fully explicit alge-
braic theorem about sectorwise strictification. Let P be a cat-
egory of particle or quasiparticle sectors, and suppose G acts
projectively on P with associator anomaly 3 € Z3(G;U(1)).
For a simple sector p, only the subgroup

Gy, ={9€G|T,(p) =p} €))

can act internally on p. The main theorem proves that the ob-
struction to making this stabilizer action genuinely associative
is exactly the restricted class

[Bla,] € H*(Gp; U(1)). )
If this class vanishes, one can choose associative stabilizer

transport; after this choice, inequivalent equivariant structures
form an H%(G,; U(1))-torsor.

CONVENTIONS

All categories are C-linear. By a finite semisimple C-linear
category we mean a semisimple abelian C-linear category with
finitely many isomorphism classes of simple objects, finite-
dimensional Hom spaces, and simple objects having endomor-
phism algebra C. Thus every object is a finite direct sum of
simple objects.

Let Autc(P) denote the monoidal category of C-linear au-
toequivalences of P, with tensor product given by composition
of functors. For a finite group G, write BG for the one-object
groupoid whose automorphism group is G. A categorical ac-
tion of G on P is a monoidal functor

BG — Autc(P). 3

A projective categorical action is a weakening of this notion in

which the coherence pentagon may close only up to a scalar.
Group cochains are normalized unless explicitly stated oth-

erwise. We use the multiplicative differential convention

A(h, k)A(g, hk)

Algh, k)A(g, h)

for a normalized 2-cochain \ : G? — U(1).

(5/\) (97 h, k) = 4)

PROJECTIVE CATEGORICAL ACTIONS

Definition 1. Let G be a finite group and let P be a finite

semisimple C-linear category. A U(1)-projective categori-
cal action of G on P consists of a C-linear autoequivalence



T, : P — P for every g € G, a natural isomorphism
tgn @ TgTy = Ty, for every g,h € G, and a normalized
function 3 : G® — U(1) such that

Hgh,k © (NgJLTk) = B(g,h, k) Hg,nk © (Tgﬂh,k) (5)

for all g,h,k € G. The natural isomorphisms ji4 ;, are hon-
est 2-morphisms in the functor category. The word projective
refers only to the scalar failure of the pentagon condition.

The action is called strictifiable if there exists a normalized
2-cochain A : G — U(1) such that replacing /14 , by

tg = Ngs h)iign (6)

makes the pentagon commute without scalar anomaly.

THE COCYCLE THEOREM

Theorem 1. For every U(1)-projective categorical action of
G on P, the scalar anomaly (3 is a normalized 3-cocycle: 65 =
1. Moreover, if iy, ;, = A(g, h)pig,p for anormalized 2-cochain
A G? — U(1), then the new scalar anomaly is

B = BN )

Consequently [3] € H?(G;U(1)) is independent of the cho-
sen coherence isomorphisms.

Proof. Fix g, h,k,¢ € G. We compare the two standard com-
posites from T,T},T. Ty to Typre. Because the functors 7
compose strictly as functors after parenthesization is forgotten,
and because every (i, p is an honest natural isomorphism, the
only possible discrepancy in the two reassociation procedures
is the scalar produced by repeated use of Eq. (5).

The first path across the Mac Lane pentagon contributes

B(g, h,k)B(g, hk,0)B(h, k. L). ®
The second path contributes
B(gh, k. £)B(g, h, kE). ©)

Since both paths are composites of the same honest natural
isomorphisms between the same functors, their total scalar dis-
crepancy must agree. Hence

5(97 h? k)ﬁ(g7 hk? ‘g)ﬁ(h7 k’ ‘g) = /B(gh7 k? 8)6(97 h7 ké)’
(10)
which is exactly (65)(g, h, k,€) = 1.
Now let y ;, = A(g, h)g,n. Then

tgn i © (ty 1 Ti) = Mgh, k)A(g, B)pgh i © (g, Tk), (11)
tg.nie © (Tatth 1) = Mg, h)A(h, k) g nk © (Typn k). (12)
Using Eq. (5), we obtain

Algh, k)A(g, h)

8 (g,h, k) = B(g, h, k)m

=Blg:h. k)N (g, b, k). (13)
Thus 8 changes by a coboundary, and [3] is independent of the
representative . O

Corollary 1. A U(1)-projective categorical action of G on P
is strictifiable if and only if [3] = 0 € H3(G;U(1)).

Proof. If the action strictifies, then after replacing u by p’ the
anomaly is 3’ = 1. By Theorem 1, 1 = B(6A\)~ %, s0 8 = 6\
and [3] = 0. Conversely, if [3] = 0, choose A\ with 5 = JA.
Then the replacement 117, , = A(g, h)pg,n has 8" = 1, so the
pentagon commutes strictly. O

STABILIZERS OF SIMPLE SECTORS

Let p € P be a simple object.

Definition 2. The isomorphism stabilizer of p is the subgroup

Gy =1{9 € G| Ty(p) = p}. (14

This subgroup depends only on the isomorphism class of p. It
does not require a choice of particular isomorphisms Ty (p) —

p.

To define an actual equivariant structure on p, one must
choose isomorphisms

©g: Ty(p) = p, g € Gyp. (15)

Different choices of the ¢, differ by scalars because p is sim-

ple and Endp(p) = C. These scalar changes produce the fa-

miliar lower-degree cochain ambiguity in symmetry fraction-
alization.

SECTORWISE STRICTIFICATION

Definition 3. Let p € P be simple. Astrict stabilizer transport
structure on p consists of isomorphisms g : T4(p) = pfor
g € G, such that the restricted projective categorical action
on the full replete subcategory generated by p is equivalent to
an honest categorical G ,-action.

Theorem 2 (Sectorwise strictification). Let p € P be simple.
The stabilizer transport of p can be strictified if and only if

[Bla,] =0 € H*(Gp; U(1)). (16)

Proof. Restrict the projective categorical action from G to G,,.

Since g € G,, implies T;;(p) = p, each T, preserves the full

replete subcategory (p) C P generated by p. Because p is sim-

ple and End(p) = C, this subcategory is equivalent to Vectc.
The restricted coherence maps satisfy

Hgh,k © (.ug,th>
= B(g, b, k)pgnr o (Tgpnk) (17)

forall g, h,k € Gp. Therefore the anomaly of the restricted
projective categorical action is exactly 8|¢, € Z*(G,; U(1)).
By Corollary 1, this restricted action strictifies if and only if
[Bla,] = 0. O



EQUIVARIANT STRUCTURES AND THE H? TORSOR

The vanishing of [3|¢,] is an existence condition. When it
vanishes, strict stabilizer transport is not unique.

Proposition 1. Assume [3|¢,| = 0. Then the set of equiva-
lence classes of strict stabilizer transport structures on p, when
nonempty, is a torsor over H?(G,; U(1)).

Proof. Since [3|g,] = 0, choose a normalized 2-cochain A
on G, such that B|g, = JA. Replacing g5 by pg ) =
A(g, h) g, makes the restricted associator trivial.

If \" is another normalized 2-cochain with 3|g, = 0\’, then
(A7) = 1. Hence n = M A~! is a normalized 2-cocycle
on G,. Conversely, if n € Z%(G,;U(1)), then A also satis-
fies §(An) = B|g,. Thus the set of strictifying 2-cochains is a
torsor over Z2(Gp; U(1)).

Changing the chosen isomorphisms ¢, : Ty(p) — p by
scalars a(g) € U(1) changes the resulting 2-cocycle by the
coboundary da. Therefore equivalence classes are obtained
by quotienting Z?(Gp; U(1)) by B*(G,; U(1)), and form an
H?(Gp; U(1))-torsor. O

TWO-DIMENSIONAL FINITE-GROUP ANOMALIES

The preceding results are purely algebraic. We now explain
how the cocycle 3 arises from a finite-group ’t Hooft anomaly
in two-dimensional QFT. Let GG be a finite internal symme-
try of a two-dimensional quantum field theory. A bosonic
finite-group anomaly is represented by a normalized group
cocycle w € Z3(G;U(1)). Equivalently, w defines a three-
dimensional Dijkgraaf-Witten invertible topological field the-
ory [1]. If the two-dimensional theory is a boundary theory for
this bulk, then the topological symmetry defects labeled by G
fuse with associator determined by w.

Concretely, define the monoidal category Vect¢ as follows.
Its simple objects are ¢,, one for each g € G, with fusion
dg ® 8y, = dgn,. The associator

(69 @ 6p) ® b — 0y ® (6, ® O) (18)

is multiplication by w(g, h, k). The pentagon axiom for Vect
is exactly the cocycle equation dw = 1.

A category of boundary sectors P acted on by these sym-
metry defects is a module category for Vects. Unwind-
ing the module-category associativity constraint gives autoe-
quivalences T}, coherence isomorphisms (4 1, and associator
anomaly § = w.

Corollary 2. Let a two-dimensional QFT have finite symmetry
G and anomaly class [w] € H?(G;U(1)). Let p be a simple
particle or boundary sector with stabilizer G,,. Then p admits
strict associative stabilizer transport if and only if

wlg,] =0 H(Gp;U(1)). (19)

When this condition holds, equivalence classes of such struc-
tures form an H?(G,; U(1))-torsor.

Proof. The anomalous symmetry defect category is Vect?,
whose associator is w. Therefore the induced projective cat-
egorical action on P has = w. Apply Theorem 2 and Propo-
sition 1. O

DEFECT-LINKING COCYCLES IN HIGHER DIMENSIONS

For dimensions d > 2, there is no universal map
H¥*YBG;U(1)) — H3(BG;U(1)) for an ordinary finite
group G. In particular, for a discrete finite group, the naive
mapping space Map(S?~2, BG) does not generally produce
a natural degree-lowering transgression to H? in the way one
might expect from informal physical pictures. Thus the higher-
dimensional statement must be formulated more carefully.

The correct general principle is the following. A d-
dimensional anomalous theory with finite symmetry G is a
boundary condition for an invertible (d 4 1)-dimensional bulk
theory A, classified, in favorable finite cases, by an anomaly
class o € H¥*Y(BG;U(1)). A projective associator on a
category of sectors is obtained only after choosing a linking
geometry for the sectors under consideration. Such a geome-
try supplies a family of closed (d + 1)-dimensional bordisms
W (g, h, k) with G-background fields, one for every triple
g, h, k € G. The bulk partition function then defines

Balg:h, k) = Aa(W(g, h, k). (20)

If the bordisms W (g, h, k) satisfy the boundary compatibility
expressing the pentagon, then 3, € Z3(G;U(1)).

Definition 4. A defect-linking reduction of a d-dimensional
anomalous G-theory to a sector category ‘P consists of a finite
semisimple sector category P, symmetry-defect transport au-
toequivalences T, : P — P, coherence isomorphisms pig p, :
T,Ty, = Ty, and a normalized cocycle 3, € Z3(G;U(1))
obtained by evaluating the invertible bulk anomaly theory on
the closed (d + 1)-dimensional bordisms implementing the as-
sociativity pentagon of defect transport.

With this formulation, the algebraic theorem applies with-
out further assumptions.

Theorem 3. Given a defect-linking reduction with cocycle
Ba, a simple sector p € P admits strict stabilizer transport
if and only if [B4|c,] = 0 € H*(Gp;U(1)). When this
condition holds, strict stabilizer transport structures form an
H?(G,;U(1))-torsor.

Proof. This is Theorem 2 and Proposition 1 applied to the pro-
jective categorical action produced by the defect-linking re-
duction. O

HIGHER-FORM AND HIGHER-CATEGORICAL
SYMMETRIES

For higher-form and higher-group symmetries, the correct
object is not merely a group G, but a finite homotopy type



such as BG = K(A,p + 1) for a finite abelian p-form sym-
metry A. In this case, mapping spaces such as Map(S?, BG)
can contain genuine higher-homotopical information. For ex-
ample,

moMap(S?, K (A,2)) = H?*(5% A) = A. (21)
More precisely, for finite abelian A,
Map(S?, K(A,2)) ~ K(A,2) x A (22)

as a homotopy type, since maps from S? to K (A, 2) are classi-
fied by H?(S?; A), and the component of a map has residual
K (A, 2)-type.

A full theorem for higher symmetries requires more than re-
placing G by an co-group. The coherence data are indexed by
higher simplices, and strictification generally involves a tower
of obstructions rather than a single H?3-class. Accordingly,
this paper does not assert a general higher-categorical strictifi-
cation theorem. Instead, the present results should be read as
the 1-categorical truncation relevant when the defect-linking
construction has already produced an ordinary projective cat-
egorical action with scalar associator 3 € Z3(Geg; U(1)) for
some effective finite group G acting on the sector category.

PHYSICAL CONSEQUENCES

Sector exclusion. Let p,q € P be simple sectors. Sup-
pose there is a symmetry-preserving local operator that iden-
tifies their stabilizer transport structures. Then their restricted
anomaly classes must agree under the induced stabilizer iden-
tification. Thus, if no group isomorphism between stabilizers
sends [3|g,] to [8|c,], then no symmetry-preserving process
can identify p and ¢. This is a necessary condition, not a com-
plete classification of morphisms between sectors.

Fractionalization data. If [|g,] = O, then sector p
can carry an honest stabilizer action, but the choice is not
unique. The residual ambiguity is classified by H?(G,; U(1)).
This is the categorical version of the usual symmetry-
fractionalization pattern: degree-three data obstruct existence,
while degree-two data classify choices once the obstruction
vanishes [10, 11].

Gauging obstruction. Gauging a finite symmetry requires
coherent summation over symmetry backgrounds. If the pro-
jective action on the full sector category has nonzero [(] €
H3(G;U(1)), then the symmetry cannot be gauged without
either coupling to a compensating bulk theory or extending the
system by additional degrees of freedom. Sectorwise, a sector
p can participate in an honest stabilizer-equivariant subsector
only when [3|g,] = 0.

COMPARISON WITH EXISTING FRAMEWORKS

The results above are compatible with, and should be
viewed as a sectorwise refinement of, several established

frameworks. Dijkgraaf—~Witten theory identifies finite-group
topological actions with group-cohomology cocycles [1]. In
two dimensions, the anomalous symmetry defect category
Vect¢, has associator w, and the sectorwise theorem becomes
a direct statement about module categories over Vects.

Freed—Moore—Teleman formulate topological symmetry in
QFT in terms of topological defects and their functorial calcu-
lus [8]. The present theorem does not replace that framework;
it extracts a simple consequence at the level of a finite semisim-
ple 1-category of sectors. Gaiotto—Kulp’s orbifold groupoids
and the SymTFT viewpoint organize anomalous symmetries
via a higher-dimensional topological theory [9]. The present
paper uses the same physical principle but focuses on the alge-
braic question: given the resulting scalar associator on sector
transport, what is the exact obstruction to strictifying a single
sector’s stabilizer action?

Barkeshli-Bonderson—Cheng—Wang develop a broad the-
ory of symmetry fractionalization, defects, and gauging in
topologically ordered phases [10]. The H3 obstruction and H?
torsor structure appearing here are the finite semisimple cate-
gorical counterpart of that theory. Etingof—Nikshych—Ostrik
classify fusion-category extensions using homotopy-theoretic
obstruction theory [11]. The present theorem is much nar-
rower: it concerns projective categorical actions on a given
sector category and the restriction of the associator class to
stabilizers of simple objects.

CONCLUSION

A projective categorical symmetry action carries a canoni-
cal degree-three obstruction class [3] € H3(G;U(1)). The
global vanishing of this class is equivalent to strictifiability
of the whole categorical action. The sectorwise refinement
proved here says that a simple sector p only sees the restric-
tion of this class to its stabilizer:

[Bla,] € H(Gp; U(1)). (23)

This restricted class is the exact obstruction to honest asso-
ciative stabilizer transport of p. If it vanishes, the remaining
choices are classified by an H?(G ,; U(1))-torsor. The result
is intentionally modest but precise: it supplies a clean alge-
braic bridge between anomalous categorical symmetry actions
and sectorwise symmetry fractionalization.
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